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Figure S6: Closed-loop re-aiming reproduces the differences in WMP and OMP learning.

a. Mean squared error (mean over target readouts) achieved by closed loop control with K = 2 command variables, as a
function of time. Each line corresponds to performance on a different decoder, with a correspondingly optimized feedback
controller, (G;b) (equation 41).

b. Mean squared error (mean over target readouts and over time) achieved by error feedback controllers with € = 2
command variables. Each point corresponds to a different decoder, with medians over all decoders in each class marked by
the height of the bars.

c. Mean squared error (mean over target readouts and over time) achieved by error feedback controllers optimized for
each OMP, with ¥ = 2;4;6;8; and 10 command variables. Light blue points denote this quantity for individual OMP’s,
larger open circles on top show the median. For reference, dotted horizontal lines show the mean squared error achieved
by optimized error feedback with B = 2 command variables for the baseline decoder (black) and WMP’s (red); the red
dotted line shows the median over all sampled WMP’s with shading marking the upper and lower quartiles.

uss  this time window of 1000ms. However, this asymptotic error value is typically higher for OMP’s than for
uss  WMP’s (Supplementary Figure S6b), replicating the analogous result observed for the open-loop control
uer  model presented in the main text (fig. 3d).

1488 This again reflects the limitations of re-aiming with only K = 2 command variables. In this case, this
1ss  manifests itself in restricting how the error can be fed back into the network: the error gets mapped to
w0 a K-dimensional vector through equation 39 before being fed back into the network. As we saw occurs
uo  for the open-loop controller, this results in a restriction of how population activity can be modulated,
1ue making it difficult to generate the patterns of activity required to produce the target readouts under
us  OMP’s. Supplementary Figure S6¢ shows that these restrictions can be relaxed by increasing the number
s of command variables used for re-aiming, K. In this case, re-aiming with only K = 6 command variables
s suffices to obtain a mean squared error less than 0.1 with OMP’s. Interestingly, this is substantially less
ws  than the K > 10 command variables that are necessary to achieve the same level of performance with

1o open-loop re-aiming (fig. 5a).

uws 5.2 Mathematical derivations

uo S.2.1 Scale-invariance of RNN dynamics with rectified linear activation function

10 Here we prove that, whenever z;(0) = 0,

Vs >0 r(t;s0) = sr(t;0), (42)
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o where r(t; s0) = ¢(x(t; s6)) and x(t; s8) is the solution to equation 1 with inputs defined by equation 2.
sz The function ¢(-) is the rectified linear activation function defined in equation 1.

1503 We begin by demonstrating that, when z;(0) = 0,
Vs >0 x(t;s0) = sx(t;6). (43)

We prove this by showing that the dynamics of sx(¢;0) are the same as those of x(t; s0):

%[sx(t; 9)} = S%X(tQ 6)

= —sx(t;0) + sSW™¢(x(t;0)) + sW™p(U0)

= —sx(t;0) + W™¢(sx(t;0)) + W"¢p(sUB) Vs > 0, (44)

1504 where in the second line we plugged in equation 1 and equation 2 for the dynamics and upstream inputs,

1505 respectively, and in the third line we used the scale-invariance of the rectified linear activation function,
Vs 20 ¢(sz) = sp(x), (45)

10 It is easy to see that equation 44 exactly matches equation 1 but with sx substituted in for x; that is,
1oz the dynamics of these two quantities are the same. Therefore, whenever the initial conditions match,
1s0s sx(0;0) = x(0; s0), then their trajectories will too. It is easy to see that this condition holds for any s
1500 if ;(0) = 0, thus proving equation 43.

1510 Along with the scale invariance of the activation function (equation 45), equation 43 implies equation

s 42:

r(t; s0) = o(x(t; 58)) = ¢(sx(t;0)) = sp(x(t; 0)) = sr(t; 0), (46)
1512 thus completing our proof.

113 S.2.2 Large M limit of quadratic metabolic cost

1514 Here we derive the large M limit of the quadratic metabolic cost term in the reaiming objective function

1515 (equation 4),

M
. - i 2
Jim 37 2o ()
1=
1516 We first note that each term in the sum depends on a sum over the randomly sampled encoding

1517 weights (equation 2),
K 2
ui(0)* = (b(ZUijej) : (48)
j=1

s If the encoding weights, U;;, are independent and identically distributed, then each of the terms in this
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1519 sum is also independent and identically distributed. By the law of large numbers, then, as M — oo their
120 sum will approach an expectation over this distribution,

lim MZUZ = (wi(0)"),, (49)

M—o0

122 where <->Uij denotes an expectation over the probability distribution of the encoding weights, Us;.
1522 This expectation can be evaluated by first defining the random variable z = Z]K:1 Ui;0; to express the
1523 expectation as an integral over z, and then exploiting the rectified linear activation function (equation

1522 1) to simplify this integral,

(w0P)y, = 002). = [ oterptz= [ otraeiaz+ [ o= [ Apas

(50)
155 where we simply exploited the fact that ¢(z) = 0 when z < 0 and ¢(z) = z when z > 0. If the distribution

12 of the encoding weights U;; is symmetric around 0, then the distribution of z is as well and we have that

/OO 22p(z)dz = % (). (51)
0

1527 Finally, if the encoding weights are zero-mean and independent, we have that

K K
=3 (UyUin) 00 = Z(U@@?. (52)
j=1

j=1k=1

w2 If Uy; additionally have unit variance, (U7) = 1 = (2?) = [|0||>. Putting this all together, we arrive at

120 the equality in equation 9:

lim ZUZ uz(0)2>Uij = /000 22p(z)dz = % (*) = @ (53)

M—oo M

5% S.2.3 Reachable manifold moments for K = 2

131 In our analysis of the reachable manifold, we characterized its location and shape via its centroid and
152 covariance, which were evaluated as expectations over a uniform distribution on the manifold. Here we
1533 derive the probability density function of this distribution and use it to calculate these expections.

1534 We begin with the case of K = 2 non-zero command variables, which we parameterize by their polar

135 coordinates,
01 cos
=s . (54)
0y sin
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135 We then formally define the reachable manifold as follows:

R = {r(tena; $,©) : $ € [0, Spax)s @ € [0,27]}. (55)

1537 where r(t..q; 8, ) is the motor cortical activity pattern at time ¢4 produced by a pair of command
153 variables 01, 6, with angle ¢ and norm s, with all other command variables set to 0 (65 =04 = ... =
1539 O = 0). The function r(t..q;s, ) can be thought of as a function mapping 2D command variables,
500 (8,0) € [0, 8max] X [0,27], to activity patterns, r € RY, on the 2D surface constituting the reachable
152 manifold (the conical surface shown in fig. 3f).

1542 The probability density function of the uniform distribution on this 2D surface in RY is given by its

13 area element, dV (s, ), divided by its total area,

dV (s,
p((tusis ) = o), (56
The area element and total area are given by
AV (s,p) = \/det[J (s, )73 (s, 0)] (57)

Smax 27
V= / / dV (s, ) deds, (58)
0 0

s where det[-] denotes the matrix determinant and J denotes the N x 2 Jacobian of the mapping from

145 command variables to the reachable manifold,

J(57 SD) = |:86;r(tend; 87 QD) %r(tend; S’ 90) : (59)

146 10 evaluate the probability density function, we must first calculate these derivatives.
1547 To do so, we again resort to the scale invariance property of the rectified linear activation function
s (equation 45),
r(tend; S) SO) =S r(ten(l; 17 QO) = er(@)? (60)
—_————
ro(p)
19 where we have defined ro(¢) to be the activity generated by a pair of command variables with angle ¢

150 and unit norm. The Jacobian is thus given by
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where rj(p) = %ro(go). Plugging this into equation 57, we have that the area element is given by

i
Wisg)= fd | EZ;T o) wo] |
N VO O T BT S) B
o s @@ @R | o s
= sy Io(@ Pl )P - (xo(e) - x4(0))”
= sliro(@)llry (o) |V~ co?a7)
= slro(@)llrs ()l sine(e)] ©2

where w(¢p) is the angle between ro(¢) and its derivative at ¢, rj(¢). The total area of the manifold is

thus

Smax 2T
/ | sl lisge)lsinwte)] dp s

5% / () lIro (@)l sinw(e)| dep. (63)

-2’ 0

With these two expressions in hand, we can analytically express expectations over the probability

density function in equation 56. The mean, corresponding to the manifold centroid, ¥, is given by

Smax 27
ro= / / T (tena; $,2)P (P (tenai 5, 9)) dsdp
0 0

Smax 2m
= / / sro(cp)p (r(tcnd; S, ()0)) ds d(p

5 [ s [ nalmlelis @llsinete)l o

2 I ro@lro(@) gl sinw(e)] de 0

3 T L (@) b ()l sinw(p)| de

151 Its covariance, 3., is given by

2, =T — 57, (65)
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where rr7 is the matrix of second moments,

. Smax 27
rrT ::/ / T (tenas S, Q)T (tenas 8, 0) T D (T(tenas 5, ) dsdep
0 0
Smax 21
_ / / 5210(2)10 () TP (X(tunas 5, ) ds dip
0 0
1 Smax 27 -
=5 [ s [ @) i@l sine(o) de

_ 1o Jo T xo(@)ro(9) Iro() It ()l sinw ()| dp
BEE. Jo " Iro(@)llirg (@)l sinw(p)| de

(66)

1552 Because the integrals and derivatives in these expressions are all univariate, we can estimate them

153 accurately with discrete approximations.

5 S.2.4 Reachable manifold moments for K > 2

155 Analagous expressions can be derived for the case of K > 2, but in these cases good estimates of the
156 integrals and derivatives quickly become numerically intractable as the number of variables increases.
1557 For these cases, we therefore resorted to moments with respect to the probability distribution of activity
158 patterns generated by uniformly distributed motor commands, instead of the probability distribution of
150 activity patterns uniformly distributed on the reachable manifold.

We can express the covariance of this simpler distribution, which we denote by 3y, by parameterizing
the non-zero command variables, 0= 01 6 ... Oz| in terms of a magnitude and direction, 0 =
550, where 0 < s < s,., and H§0|| = 1. This allows us to factorize the uniform distribution over
motor commands into a scalar uniform distribution for the magnitude, s ~ Unif[0, s,..,], and a uniform
distribution over the unit radius (f( — 1)-sphere for the direction, 6,. The expectations in the covariance

thus factorize as follows:

3y = <<r(tmd; 5§O)r(tcnd§3§0)T>s>§o — <<r( o’ 300)>S> <<r(tmd; S§O)>S>;

:<s2>s <r(t0nd;go)r(tcnd;éo)T>§0—<8> <I‘ md,90> < Lnd§§0)>;
= 2 (0Lt O0)r(Lns:00)) = 2= (r(tnii0) ) (x( end;5o>>;v (67)

6o

1s0  where we used the scale invariance of the motor cortical dynamics (equation 8) to write r(t..q; 350) =
1561 ST (tonas 50) in the second line, and in the third line we simply inserted expressions for the first and second
122 moments of s. The expectations over 50 can be approximated using Monte Carlo methods by uniformly

163 sampling vectors from the corresponding unit radius (IN{ — 1)-sphere.
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s 5.3 Extended methods

1ses  5.3.1 Estimating the intrinsic manifold

s To estimate the intrinsic manifold, we fit a Probabilistic PCA (PPCA) model'” to the mixed and z-scored

157 calibration task responses (see Methods Section 4.8),

rred = S H(r; — c). (68)

7

Here, i indexes a particular timestep and trial during the calibration task. The PPCA generative model
assumes that each of these data points are generated from a corresponding set of ¢ uncorrelated latent

variables z; = |z;; 25 ... z;| as follows,

Z; ~ ./\/'(07 I) 5 (69&)

r|z; ~ N (Fz;,0°1) . (69Db)

The model thus assumes that the activity patterns rj*>*¢ are concentrated within the column space of
the factor loading matrix F — it is the columns of this matrix that define the intrinsic manifold. These

parameters are fit to the mixed and z-scored calibration task data, {ry**!}, by maximum likelihood:

F,0? = arg max log P({r?>**}) = arg max log \/ (0, FFT + 021)
F,02 F,02

=F = |:\//\102V1 \/)\270'2V2 \/)\4702Vg

=02 = 1 i Y
- (3]

N, —¢ i=0+1
158 where A\, Ag, ..., Ay, are the eigenvalues of the sample covariance of the calibration task activity, {rr>},
150 ordered from largest to smallest (i.e. A; is the largest eigenvalue), and vy, va, ..., vy, are their associated

1570 eigenvectors (i.e. the principal components, ordered from most to least variance explained).

Note, however, that the columns of F define the dimensions of the intrinsic manifold in mixed and
z-scored neural activity space (i.e. the space defined by the coordinates of the r*¢ vectors). To convert
these to dimensions of the full N-dimensional state space, where each coordinate corresponds to the
activity of an individual neuron (i.e. the space defined by the coordinates of the r; vectors), we invert
equation 68 to obtain

r; = H'S,r 4 ¢,

K2

where we define H™! as the N x N, matrix containing the inverse of the tri-diagonal component of H

in its first NV, rows and 0’s filling all subsequent rows. We then apply this linear transformation to the
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columns of F to obtain an analagous N X £ factor loading matrix F,. defined in the full N-dimensional
state space,

F, =H'S,F.

51 Note that, since the bottom N — N, rows of H™! are filled with 0’s, those same rows of F,. are also filled
152 with 0’s. This reflects the fact that the intrinsic manifold is orthogonal to the dimensions of activity
1573 corresponding to neurons not recorded in the experiment. Finally, we defined an orthonormal basis
s £1,f, ..., f, € RN for the intrinsic manifold by taking the left singular vectors of F,. These are the
1575 vectors used in equation 25 for figure 3g.

1576 This method for estimating the intrinsic manifold is almost the same as that used by Sadtler et al.,
1577 which differs only in that a Factor Analysis model was used instead of a PPCA model. In that case, the
1578 maximum likelihood estimates of the model parameters cannot be evaluated in closed form and must be
159 computed via an iterative optimization algorithm (the Expectation Maximization algorithm). We found
10 that using a Factor Analysis model instead of PPCA had no noticeable effects on our results (data not

151 shown), so we reported only results with the more easily fit PPCA model.

sz S.3.2 Construction of the baseline decoder

As described in the Methods section, the baseline decoder has the following form

D} = KL

K e R?* I, e RP*Nr,

)

13 We term L the dimensionality reduction matriz and K the velocity readout matrixz. Here we describe in
1s8a  greater detail how these two matrices are fit to the calibration task data. Unless otherwise noted, these
s procedures are exactly as those described in'® and.'®

The dimensionality reduction matrix L is derived from the mode of the posterior distribution of the

PPCA model (equation 69),

P(Zi

I“i"imd) =N (Zi|ll/z‘rnﬂixcd7 Ezlrmixcd) (70&)
fgjpmines = (FTF + ¢°1) "' BT e, (70D)

L

s The N, x £ matrix L thus yields a linear transformation from IV, dimensions to ¢ dimensions. The z-
s scored and mixed activity patterns {r™>°?} from the calibration task can thus be reduced to ¢ dimensions
1sss  via multiplication with I:, resulting in a corresponding set of dimensionality-reduced activity patterns

19 {Z;} (as above, here and in the rest of this section the index 4 jointly indexes a timestep and trial of the
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1s00  calibration task).

1501 To complete the construction of the dimensionality reduction matrix L, these dimensionality-reduced
152 activity patterns are then z-scored. The standard deviations of each component of the z; vectors are
153 calculated over all timesteps and trials of the calibration task, and collected in a diagonal matrix S..
10 Note that mean subtraction is not necessary since the activity vectors rj*** have already been z-scored
1505 80 are mean 0. The final dimensionality reduction matrix is then given by

L=S;'L (71)

z

1596 This second z-scoring step is necessary to ensure that controlling the BCI does not require neurons to
1se7  produce firing rates beyond the range exhibited during the calibration task.
1508 The dimensionality reduction matrix used by Sadtler et al. differed from ours in that L was con-
1599 structed from the posterior distribution under a Factor Analysis generative model, rather than a PPCA
w0 generative model. Like in PPCA, the mode of the posterior distribution of a Factor Analysis model can
101 also be expressed as a linear transformation of r***¢, yielding a very similar expression for L.
The velocity readout matrix K is also chosen by maximum likelihood fit of a generative model. In
this case, we assume that the z-scored dimensionality-reduced activity patterns from the calibration task,
zi=eord = Lr**?, depend on the observed cursor velocities, y;, via the following latent Gaussian state

space model,

Yz'|}’i—1 ~ N(Yifla Q)

iz_scored ‘Y’L ~ N (Byia R)

where i —1 indexes the previous timestep in the same trial. Note that the cursor velocities y; are constant
within each trial of the calibration task, so within a given trial y; = y;_1. As was done in the original

experiment of Sadtler et al., we set

Q = 2k°1,
where k = 1/.15 denotes the ratio of the cursor speeds used in our simulation (||y;|| = 1) and the cursor
speeds used in the original experiment (||y;|| = .15 m/s). Maximum likelihood estimates of the remaining

parameters are given by

-1
o= (o) (£7)

i

1 A z-scored 5 z-score T fyZ-Score:
R= 7 Z gscored gamscored T _ gescored (B )T
i
w2 where T denotes the total number of data points in the calibration task data: the number of timesteps
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Figure ST7: Differences between sampled decoder perturbations and the baseline decoder.

a. Distribution of mean principal angle between row space of baseline decoder and row space of each perturbed decoder.
b. Distribution of mean squared error achieved by mean calibration task responses under each perturbed decoder.

c. Distribution of minimal absolute change in preferred direction needed to produce the same readouts with each perturbed
decoder as with the baseline decoder.

wos in each trial times the total number of trials.
The velocity readout matrix is then derived from the mode of the of the posterior distribution
P (Yi

use the posterior distribution at steady state, whose mode is given by

yz-scored Gz-scored Gz-scored
Z 1Zi—1 %2

,...), where the ellipses go back to the first timestep of the given trial. We

yi=(1-KB)yi1 + Kz,

w0 where K is the so-called steady-state Kalman gain matrix. This matrix is given by

K=3.B"Bx. B +R)’ (72)

where 3, is the steady-state posterior covariance, given by the solution to the discrete-time algebraic
Riccatti equation

0=3_B"(BZ.B" +R)"'BZ. - Q

w05 The 2 x £ velocity readout matrix used for the baseline decoder is thus set to the steady-state Kalman

106 gain matrix, K.

wor  3.3.3 Subsampling WMPs and OMPs

w08 As mentioned in the methods, we attempted to minimize any differences between within- and outside-
100 manifold perturbations that would go beyond their opposing relationship to the intrinsic manifold. To do
w0 this, we first calculated every possible WMP and OMP, corresponding to each /-dimensional permutation.
e Since we set £ = 8, this resulted in ¢! —1 = 40, 319 decoder perturbations of each type (minus 1 to exclude
12 the identity permutation). We then quantified how different each of these perturbations were from the
113 baseline decoder with three different metrics, and eliminated all decoder perturbations for which one or

ws1s  more of these metrics fell outside a specific range.
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1615 The first metric is the angle between the perturbed decoder’s row space and the baseline decoder’s.
615 For each decoder perturbation, Dy™™* or D™, we calculated the two principal angles?? between its row
1ei7  space and that of the baseline decoder effective decoding matrix, D§**°, and averaged these two angles.
w1s  Any decoder perturbations for which this mean principal angle was greater than 80° or less than 60° was
19 eliminated (fig. S7a).
The second metric is the mean squared error that would be achieved if the subject were to simply
reproduce the neural activity from the calibration task. Analagous to the procedure followed by Sadtler

et al., we averaged the calibration task responses over time and over trials for each reach target,

pealib <I‘>
J — \“*/4i€etime points in calibration task trials with reach target j

120 and then computed the readouts from these time- and trial- averaged firing rate vectors under each
121 decoder perturbation, D™ or D™". We then discarded all decoder perturbations where the mean
1622 squared error between these readouts and the target readouts was greater than 0.8 or less than 0.6 (fig.
123 STb).
The third metric is to ask how much the mean calibration task responses would have to change
to produce the same readouts under the perturbed decoder as under the baseline decoder. We first
calculated the time- and trial- averaged z-scored and mixed firing rates from the calibration task

—mixed __ —1 —calib
rped = SUTH(EM — ).

For each perturbed decoder, f)o = D™ or Dg™*, we then computed the activity patterns closest to
r7*¢ that would produce the same readouts through that decoder as the original activity patterns would
through the baseline decoder, Dg**,

e <D0> =argmin |[r — ™| subject to Dor = D ry™
r

~ ~ ~ -1 ~
— f.}nixcd _|_ Dg (DODg) (DB&SL _ DO) f;pixcd'

124 We then quantified the difference between rj**¢ and f“j“"‘ed(]so) by fitting tuning curves and asking how
1625 much the preferred direction changed. Tuning curves were fit by least-squares regression, exactly as
1w2s  described in Methods Section 4.9 equation 26 (but with r™>¢ or f‘}“‘"e"(ﬁo) plugged in for r;), and
12z preferred directions were extracted from the fitted tuning weights as described in that section. For each
w28 decoder perturbation, we then computed the mean absolute difference of the preferred directions of the
120 computed activity patterns {f“}“"‘ed(f)o) ?:1 from those of the observed calibration task mean responses
o0 T }?zl. Any perturbed decoders that resulted in a mean absolute difference of more than 45° or less

s than 30° were discarded (fig. S7c).
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1632 We typically found that about 100-200 permutations out all possible decoder perturbations satisfied
1633 these criteria. We then randomly sampled 100 of them. The distributions of these three merics for the

16« 100 sampled WMPs and OMPs used in the main text are shown in figures S7a, S7b, and S7c.
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